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The dark matter annihilation rate at small relative velocities can be amplified by a large boost 
factor using various mechanisms, including Sommerfeld enhancement, resonance enhancement, and 
Breit-Wigner enhancement. These mechanisms all involve a resonance near the threshold for a 
pair of dark matter particles. We point out that if the resonance is in the S-wave channel, the 
mechanisms are equivalent sufficiently near the resonance and they are constrained by universal 
two-body physics. The amplified annihilation rate requires a corresponding amplification of the 
elastic scattering cross section. If the resonance is a bound state below the threshold, it has an 
increased lifetime that is inversely proportional to the square root of the binding energy. Its spatial 
structure is that of two dark matter particles whose mean separation is also inversely proportional 
to the square root of the binding energy. 
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One of the greatest mysteries in physics today is the na- 
ture of the dark matter that comprises most of the mass 
of the universe. A possibility that is strongly motivated 
by elementary particle physics is weakly-interacting mas- 
sive particles that are relics of a thermal distribution in 
the early universe [l|. One possible signature for dark 
matter particles is their annihilation into ordinary par- 
ticles, which could be detected through observations of 
the annihilation products. In the standard scenario, the 
annihilation rate in the present era is completely de- 
termined by the mass of the dark matter particles and 
their velocity-independent annihilation rate va ann . Lim- 
its on dark matter annihilation can provide constraints 
on physics beyond the Standard Model for elementary 
particles. 

Observations of high-energy electrons and positrons in 
cosmic rays at rates larger than expected have motivated 
models for dark matter in which the present annihilation 
rate is boosted above that in the standard scenario by 
orders of magnitude. In these models, the low-energy 
annihilation rate is enhanced by powers of 1/v, where 
v is the relative velocity of the dark matter particles. 
Sommerfeld enhancement gives a factor of 1/v from the 
exchange of a light mediator between the dark matter 
particles. Resonance enhancement gives a factor of 1/v 2 
from a bound state of two dark matter particles near their 
scattering threshold. Breit- Wigner enhancement gives a 
factor of 1 /v A from an elementary particle near the scat- 
tering threshold. 

In this Letter, we point out that these enhancement 
mechanisms are actually equivalent very near the reso- 
nance, provided the resonance is in the S-wave channel. 
An S-wave resonance is the most interesting case, be- 



cause it can provide much more dramatic enhancement 
for a given level of fine tuning than a resonance with 
higher angular momentum. An S-wave resonance near 
the scattering threshold produces a scattering length that 
is much larger than the range of interactions. The two- 
body physics of dark matter particles with an S-wave 
resonance near threshold has universal behavior that de- 
pends only on their large scattering length and not on the 
enhancement mechanism 0] ■ Universal two-body physics 
produces constraints on the behavior of dark matter that 
has not been taken into account in previous calculations 
of its properties. 

Conventional dark matter consistent with cosmologi- 
cal constraints consists of particles that are nonrelativis- 
tic and have weak short-range interactions with ordinary 
particles. The dark matter particles also have short- 
range self-interactions, which could be the weak inter- 
actions of the Standard Model and/or a new interaction 
mediated by a particle from a hidden sector. To be con- 
cise, we will refer to the dark matter particles as wimps, 
regardless of their interactions. A bound state of two 
wimps will be called wimponium. We denote the mass of 
the wimps by M. Their behavior in the low-energy limit 
is described by a complex scattering length a that has 
a small negative imaginary part due to the annihilation 
channel or, equivalently, by the inverse scattering length 
7 = 1/a. For a conventional wimp, such as a neutralino 
in a supersymmetric extension of the Standard Model, 
the real and imaginary parts of the scattering length 
a w = l/"f w are of order a^M/mJ, and o? w M z /m^, re- 
spectively, where a w ~ 1CP 2 and m w ~ 100 GeV are 
the coupling constant and mass scale of the weak in- 
teractions. If the wimps interact through the exchange 
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of a mediator particle with mass m y and small cou- 
pling constant a y , their interaction in the nonrelativis- 
tic limit can be approximated by a Yukawa potential 
— a.y cxp(—m y r) jr. 

The effect on the relic abundance of dark matter from 
a resonance whose mass Mr is close to the threshold 2M 
for a pair of wimps was considered long ago 0, |3| • The 
resonance is typically an elementary particle with a weak 
coupling to dark matter. The use of such a resonance to 
boost the low-energy annihilation rate was proposed by 
Ibe et al. 5] and is called Breit-Wigner enhancement. 
The effect on the kinetic decoupling temperature of the 
dark matter from elastic scattering with ordinary parti- 
cles through ^-channel exchange of the same resonance 
was studied by Bi et al. [f|. 

In Refs. [3-6], the annihilation cross section was as- 
sumed to be that of a Breit-Wigner resonance. However 
when a resonance is sufficiently close to the threshold 
for a pair of particles, the cross section can be signifi- 
cantly modified by rescattering of those particles. The 
effects can be particularly dramatic when the resonance 
is in the S-wave channel. In the limit of a weak coupling 
cxr of the resonance to the wimps, the resonance has a 
well-defined mass Mr and width Tr. The low-energy in- 
teractions of the wimps in this limit are described by a 
complex scattering length a w = l/j w . If an is nonzero 
and if the mass of the resonance is sufficiently close to the 
threshold 2M, the effects of self-scattering of the wimps 
and their scattering through the resonance must both be 
summed up to all orders. The resulting scattering ampli- 
tude for wimps with nonrelativistic relative momentum 
k reduces to 
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where Sr — Mr — 2M. The elastic cross section is 
(7 c i = 47r|/(/c)| 2 and the inelastic cross section a mi which 
includes the annihilation cross section, can be determined 
from the optical theorem: a c \ + a ln = (4ir/k) Im/. Cut- 
ting rules can be used to resolve a ln into terms propor- 
tional to lm(j w ) and Tr, corresponding to dark mat- 
ter annihilation and resonance decay, respectively. The 
conventional annihilation cross section with Breit-Wigner 
enhancement is (47r/fc)|/(fc)| 2 Im(7 tiJ ), with the l/j w and 
— ik terms in the expression for f(k) in Eq. ([I]) omitted. 

We now consider the behavior of the annihilation 
cross section cr ann as a function of the relative velocity 
v = 2k /M of the wimps. If Mr is far from the thresh- 
old, f(7ann approaches the constant 87rlm(— a w )/M in the 
low-energy limit. If Mr is tuned to be very close to 
the threshold, vcr ann scales as 1/v 4 in most of the re- 
gion where the resonance term in Eq. (fTJ) dominates. 
For small velocities, this scaling behavior is cut off at 
v ~ (2T R /M)V 2 or at v ~ (4\5 R \/M) 1 / 2 by the width or 
energy of the resonance. In previous work on the Breit- 



Wigner enhancement of dark matter annihilation, it was 
not recognized that there can be another scaling region 
of v in which the rescattering term — ik in Eq. (JTJ) domi- 
nates. This can occur if I /"/ w is sufficiently small and if 
the resonance is sufficiently narrow: Tr <C o? r Mr. As 
v decreases, the scaling behavior 1/v 4 for v<r ann crosses 
over to 1/v 2 at v ~ cxr before it is ultimately cut off at 
v ~ Yr/ [o.rMr). If there was a massive Dirac neutrino 
whose threshold 2M was close to the mass of the Z° res- 
onance, its coupling strength would be cxr ~ 0.0012 and 
T z /{a 2 R M z ) would be 1.9 x 10 4 . Thus a 1/v 2 scaling re- 
gion requires a resonance for which T r/ (a R Mji) is more 
than 4 orders of magnitude smaller. 

In the 1/v 2 scaling region and below, the elastic and 
inelastic self-scattering cross sections reduce, if the par- 
ticles are distinguishable, to 



Cel(fc) = 
(Tin(fc) = 
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where 7 = [1/7™ — cxr/(Sr — iTR/2)]~ 1 is the inverse 
scattering length. The elastic cross section can be as 
large as l§ira 2 R /T 2 R if M is near Mr/2. Using Eq. (|2b|) . 
the annihilation rate reduces in the low energy limit to 
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The first term on the right side represents the conven- 
tional annihilation modes of the wimps. The second term 
represents their annihilation into decay products of the 
resonance. For conventional wimps, the first term in the 
parentheses is of order a^M 3 /m^, while the second term 
can be at most 2etR/TR. The condition Tr <C oi r Mr for 
the 1 /v 2 scaling region does not exclude the second term 
from being larger than the first. Thus the dark matter 
could annihilate predominantly into the decay products 
of the resonance. 

There is an analogous phenomenon in cold atom 
physics called a Feshbach resonance • A magnetic field 
can be used to tune a diatomic molecule to near the atom 
pair threshold. If the molecule has an S-wave coupling 
to the atoms, there is a scaling region of the magnetic 
field in which the elastic cross section of the atoms has 
the universal form in Eq. (l2"a|) . The magnetic field can 
be used to control the scattering length a — 1/7 of the 
atoms, making it arbitrarily large or arbitrarily small. 

The elastic and inelastic cross sections in Eq. ([2]) are 
appropriately called universal, because they apply to 
any particles with short-range interactions that have an 
S-wave resonance sufficiently close to threshold. More 
specifically, if there is a parameter whose variation makes 
an S-wave bound state or resonance pass through the 
threshold while keeping the range of interactions fixed, 
there will be generically be a scaling region of that pa- 
rameter in which the cross sections have the universal 
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forms in Eq. ([2]). More intricate low-energy behavior 
requires multiple fine tuning. In the dark matter con- 
text, the universal cross sections in Eqs. ^ were writ- 
ten down previously by March-Russel and West to de- 
scribe resonance enhancement from an S-wave wimpo- 
nium near the threshold 2M [8|. There is a scaling 
region of M in which the wimponium mass is suffi- 
ciently close to the threshold that the cross-sections have 
the universal forms in Eqs. ((2). If the wimps interact 
through a Yukawa potential with range l/m y , the uni- 
versal cross sections apply when the wimponium binding 
energy is much less than m 2 /M. As an illustration, we 
consider an attractive potential between wimps that is 
mediated by Z° exchange. The resulting Yukawa po- 
tential is — az exp(— Mzr)/r, where az = 0.011 if the 
Z° couples to the wimps with the same strength with 
which it couples to neutrinos. The critical value for 
the wimp mass for which the lowest bound state is at 
threshold is M* = 1.68M z /a z ~ 14 TeV. There is a uni- 
versal 1/v 2 scaling region if M — M* is less than about 
Mf/M* w 0.6 GeV. The universal region of M extends a 
similar distance below M* where the wimponium is un- 
bound. The real part of 7 can be calculated as a function 
of M, a y , and m y by solving the Schrodinger equation for 
zero-energy scattering from the Yukawa potential. The 
imaginary part of 7 can be obtained by calculating o~ m 
in the scaling region, where it reduces to 47rlm(7)/fc 3 . 

Sommerfeld enhancement occurs if the mediator mass 
m y is orders of magnitude smaller than that of the wimp. 
If the Yukawa potential is attractive, the wimp annihila- 
tion rate is generically enhanced by a factor of approx- 
imately ira y /v that is related to Sommerfeld's enhance- 
ment factor in Coulomb scattering. The Yukawa poten- 
tial in this case supports many bound states. A further 
boost of the enhancement factor to order 1 /v 2 can be ob- 
tained by resonance enhancement, in which M is tuned to 
near a critical value for which one of the excited S-wave 
bound states is at the threshold. The Sommerfeld en- 
hancement of the annihilation of neutralino dark matter 
from clcctrowcak gauge boson exchange was first noticed 
by Hisano et al. [9(. The same authors noted that the 
enhancement is more dramatic when there is a wimpo- 



nium near the wimp pair threshold [lPj. In Ref. llj . 
Hisano et al. labelled both effects "Sommerfeld enhance- 
ment." The enhancement from a wimponium near the 
wimp pair threshold is more properly referred to as "res- 
onance enhancement," because it has nothing to do with 
Coulomb or Yukawa potentials. It occurs for any short- 
range potential with an S-wave bound state near thresh- 
old. Arkani-Hamed et al. increased the interest in these 
enhancements when they pointed out that a light gauge 
boson from a hidden sector could explain several possible 
anomalies in particle astrophysics 12j. 

The universal cross sections in Eqs. ([2]) depend on a 
single complex parameter 7, whose imaginary part is pos- 
itive. Any relation between observables that can be ex- 



pressed in terms of 7 is universal, because it will apply 
to all models in which there is an S-wave resonance suffi- 
ciently close to threshold. One simple universal relation 
can be obtained by taking the ratio of the universal cross 
sections in Eqs. @: 



fco-jn(fc) 



Im(7). 



(4) 



The imaginary part of 7 is insensitive to the fine-tuning 
parameters that are most commonly used to tune the 
resonance to the threshold, including the wimp mass M. 
The universal relation in Eq. Q therefore implies that 
any mechanism that boosts the annihilation rate of the 
dark matter by orders of magnitude will inevitably also 
boost its elastic self-scattering cross section by a compa- 
rable amount. Feng et al. have considered the effect of 
wimp elastic scattering on the annihilation of dark mat- 
ter after freeze out, and found that it can lead to chemical 
recoupling to ordinary matter [l]|. For the elastic cross 
section, they used an empirical parametrization of a nu- 
merical cross section for a Yukawa potential with large 
a y . It has a scaling region where it increases like 1/v ' 7 
before crossing over to its asymptotic behavior ln 2 (l/t>). 
The universal elastic cross section in Eq. (l2al) could be 
used to calculate the effects in the resonance region ac- 
curately. Buckley and Fox have noted that the enhance- 
ment of (Tann requires an enhancement of cr e i, but they 
only presented graphical results from the numerical solu- 
tion of the Schrodinger equation for a Yukawa potential 
[lij ]. Tulin et al. have used analytic solutions for S-wave 
scattering in the Hulthen potential to approximate cr e i 
and (Ta nn fo r particles interacting through a Yukawa po- 
tential [15]. They noted that exactly at the resonance, 
tr e i reduces to Eq. (|2"aj) with 7 = 0. 

The limit 7 — in which the universal elastic cross 
section in Eq. (|2a| reduces to An/k 2 is called the unitary 
limit, because o~ e \ saturates the unitarity bound for S- 
wave scattering. Since this cross section does not depend 
on any interaction parameters, the interactions between 
the particles must be scale invariant. The particles can be 
described by a nonrelativistic conformal field theory with 
nontrivial scaling dimensions [Hi ] . The two-body physics 
in this conformal field theory, which is encapsulated in 
the simple scattering amplitude f(k) = i/k, involves a 
nontrivial scaling dimension. The scaling behavior 1/v 2 
of the universal elastic cross section is a reflection of the 
anomalous scaling dimension —2 of the interaction en- 
ergy operator [l6| . Away from the unitary limit where 7 
is nonzero, the particles can be described by a nonrela- 
tivistic field theory whose renormalization is governed by 
the conformal field theory. 

Backovic and Ralston have emphasized the importance 
of the widths of particles in dark matter annihilation fl7j j . 
The effects of widths are fully incorporated into the uni- 
versal cross sections in Eqs. through the imaginary 
part of 7. Backovic and Ralston also argued that unitar- 
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ity does not allow large enhancements in low-energy cross 
sections in a weakly-coupled theory 17 1. They did not 



recognize that the strong coupling required for a large en- 
hancement can arise through small energy denominators 
instead of through a large coupling constant. 

The nature of the resonance is determined by the sign 
of Re (7). If Re (7) < 0, the resonance is a virtual state 
whose only physical manifestation is the enhancement of 
the cross sections. If Re(7) > 0, the resonance is a bound 
state below the threshold 2M. We will refer to it as res- 
onant wimponium. Resonant wimponium has universal 
properties that arc determined by 7. Its binding energy 
Ex = 2M — Mx and its width Tx are determined by the 
pole in the analytic continuation of the scattering ampli- 
tude f(k) = l/(— 7 — ik). Expressing the complex energy 
of the pole as — Ex — tTx/2, we find 



E x 
Tx 



(Re( 7 ) 2 - Im( 7 ) 2 ) 
2Re(7)Im( 7 ) /M. 



/M, 



(5a) 
(5b) 



Since Im(7) is insensitive to the fine tuning that changes 
Re(7), the universal relations in Eqs. (0 imply that 
r 'xl '(MEx) 1 ' 2 is approximately equal to the constant 
2Im(7)/M in the region where Re(7) ^ Im(7). This im- 
plies that as the binding energy Ex is tuned towards 0, 

1/2 

the width Tx decreases in proportion to E^ until Re (7) 
is comparable to Im(7). Thus resonant wimponium has 
an enhanced lifetime that can be as large as M/[Im(7)] 2 
very near the resonance. 

What is most remarkable about resonant wimponium 
is its spatial structure. It can be described by a 
Schrodinger wave function for a pair of wimps: 



tp(r) = [Re(7)/27r 



l/2„-7'' 



A 



(6) 



This universal wave function implies that the typical sep- 
aration of the wimps is 1/Re(7). This is larger than the 
range of the interactions between the wimps, and it be- 
comes increasingly large as one approaches the resonance, 
ultimately reaching the size 1/Im(7). This behavior is 
particularly surprising in the case of Breit-Wigner en- 
hancement, where the resonance is a point-like elemen- 
tary particle when it is far from the threshold. Near 
the resonance, interactions with the dark matter trans- 
forms it into an extended object consisting of two well- 
separated wimps. 

Another interesting aspect of the universal wave func- 
tion in Eq. ((6]) is that it diverges at the origin. This might 
seem problematic for the production of resonant wimpo- 
nium through processes that involve a large momentum 
transfer, because bound state effects are commonly ab- 
sorbed into the square of the wave function at the origin, 
IV'(O)! 2 . The quadratic divergence of |^(?")| 2 as r — >■ is a 
reflection of the anomalous dimension —2 of the interac- 
tion energy operator. A pragmatic way to deal with this 
problem is to note that |^(0)| 2 also appears in a naive 
calculation of the annihilation decay rate. By the optical 



theorem, the transition rate to annihilation channels is 
proportional to Im(-a). The naive result for the inclu- 
sive decay width is therefore Fx = 87rlm(— a)\i/;(0)\ 2 /M, 
while the correct result is the universal expression in 
Eq. (|5b|) . The correct result for the production rate can 
therefore be obtained from the naive calculation by mak- 
ing the substitution 1^(0) | 2 ->■ |7| 2 Re(7)/47r. 

Another annihilation mechanism for dark matter is the 
formation of wimponium through the radiative capture 
of wimps. The radiated particle could be the light me- 
diator responsible for the Yukawa potential between the 
wimps. Once it is formed, the wimponium will eventually 
decay through the annihilation of its constituents. It was 
pointed out by Pospelov and Ritz and by March-Russel 
and West that this indirect process could significantly en- 
hance the dark matter annihilation rate (s, 18|. Pospelov 
and Ritz calculated the radiative capture cross section for 
the case of true Sommerfeld enhancement [3]. March- 
Russel and West calculated the cross section for radiative 
capture into the most deeply bound S and P states for 
the case of an excited S-wave resonant wimponium and 
a very light mediator [8| . The cross section for radiative 
capture into the resonant wimponium itself is 



:(*) = 



32Tra y jMkq(q 2 + m 2 ) 
3( 7 2 + fc 2 ) 4 1 



(7) 



where k is the relative momentum of the incoming wimps 
and q is the momentum of the outgoing wimponium and 
the spin-1 mediator in the center-of-mass frame. The 
limit m y = is essentially the same as the El term in the 
radiative capture cross section for a deuteron calculated 
using a low-energy effective field theory for nucleons with 
large scattering lengths flil ]. 

We have pointed out that dark matter with an S-wave 
resonance close enough to threshold has universal behav- 
ior determined by the complex scattering length. The 
universal aspects include the elastic and inelastic self- 
scattering cross sections and, if the resonance is a bound 
state below the threshold, its binding energy and life- 
time. The universal constraints have not been take into 
account in previous calculations of the behavior of dark 
matter. The universality of the two-body problem with 
a large scattering length extends to the three-body sec- 
tor and beyond 2 ! ] . This raises the question whether any 
aspects of the beautiful universal physics in these sec- 
tors is relevant for dark matter despite its extremely low 
number density. 
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